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Motivation: Football prediction

» Every football match t there are K models that predict the
outcome of the match.

» Form probability distribution p;(k) and play the weighted
average of the K predictions: E,, (x)[wx].

» After match: observe losses f;(wy) and suffer loss
e (Epe (k) [wid]).

» Improve probability distribution p:(k) — p:11(k) based on
observed losses.
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Online Convex Optimization

Parameters w take values in convex domain W.
1 fort=1,2,...,T do
2  Learner predicts w; € W
3 Observe convex loss function f; : W — R

4 Learner suffers loss fi(w;)



Online Convex Optimization

Parameters w take values in convex domain W.
1 fort=12,...,T do
2 Learner predicts wy € W
3  Observe convex loss function f; : W — R
4 Learner suffers loss f(w;)

Objective: minimize regret w.r.t. oracle parameter u € W

T T
Rr(u) =Y flwe) = 3 filu). (1)
t=1 t=1



How to control Regret?

Convex loss function: Mirror Descent.

v

v

Strongly convex loss functions: Gradient Descent.

» Exp-concave loss functions: Online Newton Step.

v

Adaptive expert algorithms: lprod, Squint, Coin Betting.

v

Linear bandits: Mirror Descent with self concordant barrier
regularizer.



We all live an in exponentially weighted world

» Convex loss function: Mirror Descent.

» Strongly convex loss functions: Gradient Descent.

» Exp-concave loss functions: Online Newton Step.

» Adaptive expert algorithms: Iprod, Squint, Coin Betting.

» Linear bandits: Mirror Descent with self concordant barrier
regularizer.

We say:

Mirror Descent

Gradient Descent

Online Newton Step =
Squint, Coin Betting

MD self concordant
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Exponential Weights

Input: a convex set of distributions P over w, a prior P; € P and
learning rates 1 > > - >n1 >0

Lazy:

1 udiate step:
Pii1 =argming Ep [>;_; fi(w)] + % KL(P|P1)

2 projection step: y
Pey1 = argminpep KL(P| Pey1)

Greedy:

1 update step:

Pty1 = argminp Ep[fi(w)] + % KL(P||P)
2 projection step: )

Piy1 = argminpcp KL(P||Pt+1)



Exponential Weights

The algorithm gets its name from the distributions Py, whose
densities have the following exponential forms:

B et Xemt (W) ¢ Py ()

N [ e Eea f(w) 4Py (w)
e fe(w) d P, (w)

fe—”fff(w)dPt(w)

d'Bt-i-l(w)

(lazy EW)

dPy1(w) = (greedy EW).



Regret Exponential Weights

Let @ € P be any comparator distribution such that
KL(Q| Pt) < oo for all ¢, let {w, € W}, be the actions of any

learner, and define g def n1. Then lazy EW satisfies

E [R(u)] < — KL(Q|P1)+
nr

ZT: { fe(we) + -2 In Pt]EEw) [efmflft(w)} }

u~Q

t=1
“mixability gap”
Greedy EW satisfies:
E [R(u)] < L KL(Q|IP1) + (1 - 1) max_KL(Q||P,)
u~Q m nr om) =27
T
—nefe
+Z{ (we) + 5 L InPtI(Ew) [e K ("’)} }

“mixability gap”



Regret Exponential Weights

Proof structure in most settings
» Bound the mixability gap

» Find Q for which the expected loss under @ together with
KL(Q||P1) can be related to the loss of a deterministic
comparator.

Unless specified otherwise
> wr = EPt [’LU]

FP:{PZEP[’IU]EW}
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Convex losses

A standard approach in OCO is to lower-bound the convex losses f;
by their tangent at wy:

T T
Z(ft(’wt — fr(u Z we, gr) — (u 9t>),
t=1 t=1

where g = Vfi(w;)



Standard approach: Mirror Descent

> Bes(u||lw) = F*(u) — F*(w) — VF*(w)T(u — w) denotes
the Bregman divergence generated by F*.

» F*(w) = supy(w, @) — F(O) denotes the convex conjugate of
F.

Lazy Mirror Descent:
Wei1 = argmind i (w, gs) + %BF*(wle)
w

w41 = arg min Bes (w||We41).
wew

Greedy Mirror Descent:
Wiy1 = argmin{w, g¢) + iBF* (w||lw;)
w

Wiy1 = arg min Be«(w||We1).
wew



Interpretation Mirror Descent

Parameter spacem Mirror space
Mitror Mapping @( g)

VF*

Common choices for F:

> Gradient Descent: F(6) = 1(|6]|3

» Unnormalized Relative entropy: F(0) = 27:1 e

» Exponentiated Gradient (£): F(0) = Iog(Zf’z1 e¥)



Mirror Descent as Exponential Weights

We consider prior from exponential families:
» Have form £ = {Py | dPg(w) = @) ~FO)dK(w),0 € ©}

» Nonnegative carrier measure K

v

Cumulant generating function F(0) = In [ e®®)dK(w)
Parameter space © = {6 | F(0) < oo} C R

v

v

Called regular if © is an open set



Mirror Descent as Exponential Weights

Theorem

Suppose F is the cumulant generating function of a regular
exponential family £. Then the lazy and greedy versions of MD
predict with the means w; = Ep,[w)] of lazy and greedy EW on the
linearized losses with the same n;, prior Py, for 81 = VF*(w1) and
P ={P :Ep[w] € W}.

Lazy EW:
E [w] = weer = argmin 4, (w, g2) + L Be- (w]jwn)
t+1 weWw

Greedy EW:

E [w] = w1 = arg min(w, g¢) + iBF*(wHwt)
Pey1 weW



Greedy MD as Greedy EW proof

We can restrict P to an exponential family:

i { Bl 901 + - KLPP) |

1
=min  min <E[(w,g:)] + — KL(P||P
Hew P:Ep[w]:u{PK g¢)] e (Pl t)}

1
= mi i , + — KL(P||P, ,
,LT;WV PeS:rITE],I:r[]w]:u {(H gt) e ( H t)}

where the last equality is due to Theorem 3.1.4 in lhara (1993).



Greedy MD as Greedy EW proof

To finish the proof we use a result from Banerjee et al. (2005);
Nielsen and Nock (2010). Let up = Ep[w]. For Q,P € &:

KL(P(|Q) = Br(60l6pr) = Br-(1pllc)-

We now have:

. 1
Pii1 = argmin {(up,gt> + = KL(PIIPt)}
PeE:upeW Ui

. 1
= argmin {(upagt>+BF*(uPlluPt)},
PeE:pupeW Ui

which coincides with the definition of greedy Mirror Descent.



MD as EW interpretation

Mean space matural parameter

Mirror Mapping

VF*

Before we had:

> Gradient Descent: F(6) = 1|0]|3

» Unnormalized Relative entropy: F(0) = Z;le eli

» Exponentiated Gradient (£): F(8) = log(3.%_, %)
Now we have:

» Gradient Descent:

» Unnormalized Relative entropy:

» Exponentiated Gradient (+):
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Quadratic losses

We assume that the losses f; satisfy quadratic lower bounds:
1
fe(w) — fe(w:) > <'w—’wtagt>+§(W—wt)TMt(7U—’wt) = L¢(w),

where M is a positive semi-definite matrix.
We treat two cases:
» «a-strongly convex loss functions: M; = al

» a-exp concave loss functions: M; = 3g:g,”, where
B = imin{;&5,a}, assuming [|g¢|l2 < G and
B = maxy uew ||w — ul|2



Quadratic losses: Gaussian prior

Theorem

Let P = N(w1,X1). Both versions of the Exponential Weights
algorithm, run on ¢ with learning rate ) and

P ={P: Ep[w] € W}, yield a multivariate normal distribution
Pii1 = N(wii1,Zey1). Furthermore for all u € RY both versions
of EW satisfy:

1
Rr(u) < %(wl —w)TE H(wy — u) th Tirge  (2)



Quadratic losses: Gaussian prior

Lazy EW Gaussian prior:

Y, 11_2 + M,

W1 = W — NXti19t
. - -1 -
wiy1 = argmin(w — Wei1) Y, (W — Weq1)
wew

Greedy EW Gaussian prior:

oL =5 M,
Wil = Wt — N2t11G¢

w1 = argmin(w — 1I7t+1)TZ,_T_&1(w — Wiy1)
wew



Strongly convex loss functions

» For a-strongly convex loss functions the standard approach is
to use Greedy Gradient Descent with learning rates
ne = 1/(at) (Hazan et al., 2007)

> Greedy on /+(w) with fixed learning rate 1 and
prior P, = N(O 02I) yields greedy GD with
=1/(;52 +at)

1
. 62, [ n2 T’ G2 D2
> Regret :R7(u) < 2= In | 25 + 5 + 557
no? T no? T2
» The standard learning rate and corresponding regret bound for
GD (Hazan et al., 2007) correspond to the limiting case
no? — 0o



Exp-concave loss functions

v

For a-exp-concave loss functions the standard approach is to
use the Online Newton Step algorithm (Hazan et al., 2007)

> on /¢(w) with prior N'(0, 021I)
leads to the Online Newton Step algorithm

v

Regret " Rr(u) < % In (1 + %) + 25;2

v

To obtain the standard regret bound set no? = 3D?
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Expert setting

» Linear losses fi(w) = (w, g;) over the simplex
W={w:w; >0, Zf]:l w; = 1}, with g;; € [0,1]

» Instantaneous regret in round t with respect to expert i is
re(i) = fr(we) — fe(ei)

» Total Regret R (i) = Z;l re(1)



Adaptive algorithms

» Standard algorithms requires the learner to specify n

» 7 usually specified to guard against worst case, algorithm may
be slow to converge

> To specify 17 one may require knowledge of unknown quantities

Solution: learn the optimal 7.



Adaptive algorithms regret

Define V(i) = ZtT:l re(i)?.
» Iprod, Squint:

E[Rr()] = 0 <\/E[Vr(i)](KL(7“rH7r) +Inln T)>

@

» Coin Betting:

E[Rr(i)] < V3T (KL(7]I7) +3)



Surrogate Task

» Surrogate loss: 4¢(n,i) = —In (1 + nre(i))

» Predictions take the form of joint distributions P; on (7, i) for
n € [0,1]

» Map back to predictions in the original task via w; = EI;;[?S]i]

v

Aim: achieve small mix-regret with respect to any comparator
distribution Q on (7, i)



Mix regret

Mix regret:

T

5(Q) = Z - In,IE‘,t [ef&(n,i)} _Ig [Zj:gt(m ,)}

t=1

If the learner can guarantee

then use —In(1 4 x) < —x + x for |x| < 3 to obtain:

.
Z [=nre(i) + 17 re(i)?] + S(Q)



EW is the solution

How to guarantee 0 < 327 Eq[l:(n, /)] + S(Q)?

Use Exponential weights on /; with predictions w; = %ﬁi]:
T T
. — —gt(n)i)
S Bl 1]+ S(Q) = [T & [0
t=1 t=1
T-1

_Zt( 7’) [ —
1 'D.I% [e 1 } IIDET [1+nrr(i)] =0

~
|



EW is the solution

» Since the surrogate loss is 1-exp-concave there is no mixability
gap to pay

» Running EW with constant learning rate 1 on /; achieves

S5(Q) < KL(QJ|Py) for any Q
This gives

t=1 @

T T
ZE[Wt SZ [n?re(i)?] + KL(Q||P1)
Pl



Regret Iprod

Theorem

If we use EW in the surrogate OCO task with learning rate 1 and
any product prior P =~y x 7 for y a distribution on 7 € [0, %] and
7 a distribution on i, and we take as comparator

Q@ =1(n|ne[n/2,9]) x & for any f) € [0, 1] and distribution # on
i that can both depend on all the losses, then

B [Re()] < 20EVr()]+ 2 (KL(Flm) =~ Iny(/2.2D). (3)

7

After optimizing 7}, this leads to an adaptive regret bound of

T

E[Rr()] = 0 (\/E[Vr(i)](KL(fer) +1Inln T)) for all #



Squint

» EW with a continuous prior on 7 for the iProd surrogate
losses requires evaluating a t-degree polynomial in 7 in every
round: O(T?) total running time

» By choosing the slightly larger surrogate loss
Ce(n, i) = —nre(i) + n?re(i)? we turn Iprod into Squint: O(T)
total running time

» Exactly the same regret guarantees as iProd:

E[Rr(i)] = 0 <\/E[Vr(i)](KL(7Ar||7r) +1Inn T)) for all #

T



Coin betting

We study a variant of the Coin Betting algorithm for experts of
Orabona and P4l (2016)

» Idea: Split the learning of n € [0,1] and i into separate steps
» restrict Py(n | i) to be a point mass on some 7.

» Choose 7} to achieve small regret for the surrogate loss

: 1 ] 1 1—r(i 1-—
l(n) = — +2rt(l) In ‘;‘77 — zrt(l) In 5 T in2

» Learn i for the surrogate losses /(i) = — In(1 + nire(i))



Mix-regret Coin Betting

For n € [0,1] and 7 a distribution on i, let

T
St (n) ti(nth) Zé (regret log loss)

5 [+ -5 [0

be the mix-regret in the two surrogate OCO tasks.

I
M\i

t=1

~+

M)~

St(#) =

t

:1>ﬁ

1



Regret Coin Betting

Theorem

If we use EW with learning rate 1 and prior m on i for the losses Zt,
and for the losses (. we let ni be the mean of lazy EW with
learning rate 1 and with prior on n € [—1,+1] such that HT” has a
beta-distribution (a,a) with a = % + % and with projections onto
P ={P | Ep[n] €[0,1]}, then

E[Rr()] < V3T (KL(7||7) +3)  forany# oni.



Resulting algorithm

v

EW on £ with the (conjugate) 3(a, a) prior is a generalization
Re—1(i)
t—lj—Za

of the Krichevsky-Trofimov estimator with mean

v

Lazily projecting onto 7 € [0, 1] simply amounts to clipping at
0

v

Combining the above we get 7} = max { ?_f;jrgl, 0}

Ep, (i) [Wi'ei]
Ep,(iy[nt]

v

Predict with w; =



Interpretation Regret Coin Betting

We can now explain three design choices by Orabona and Pal
(2016):

» J-shifted KT-Potential function: naturally arises in our proof
when we bound the regret Si-(R5(i)/ T) for EW

» The choice for §, which is simply specifying a prior with most
mass in a region of order 1/4/T around 7 =0

» The clipping of the unnormalized weights p;(i)ni to 0 when
R¢—1(i) <0, which in our presentation happens automatically
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Online Linear Optimization with Bandit Feedback

Linear losses fi(w) = (w, g¢) € [-1,+1]

v

v

Instead of seeing the vectors g; we only observe the loss
fr(w;) for the algorithm’s choice w;

v

The algorithm is allowed to randomize its choice wy

Goal: minimize the expected regret E[R1(u)], where the
expectation is with respect to the algorithm's randomness

v

Standard solution SCRiBLe (Abernethy et al., 2012):
» Mirror Descent with self concordant barrier function F*

» Sample based on the spectrum of the Hessian of F*



Sampling from EW distribution

We consider the EW algorithm with fixed learning rate n and
uniform prior distribution P; over W. Let R be a fixed
“exploration” distribution chosen to be John's exploration.

1 fort=1,2,....,T do

2 Sample wy ~ Q;, where Q; = (1 —v)P: + YR
3 Observe fi(w;) = (we, gt)

4 Constructs a random unbiased estimate §;

5

Update P; to P;;1 based on ft(wt) = (wy, §t)



Linear Bandits with EW

When 7 and ~ are appropriately chosen, this algorithm achieves
expected regret of order O(dv/ T In T), which is the best known
expected regret.

Compared to SCRiBLe:

> Instead of sampling from the spectrum of the Hessian we
sample from the EW distribution

» We achieve a regret bound that is a factor O(v/d) better

» A proof outline of this fact was given by Bubeck and Eldan
(2015); to complete our story of EW we spell out the proof
details.



Concluding Remarks

On average, we all live in an exponentially weighted world.
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